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Let (R, m) be a Gorenstein local ring. We give a criterion for a stable m-primary ideal of R to 
have the Gorenstein associated graded ring. Using this criterion, we give various examples of 
Gorenstein associated graded rings. 
Introduction 
Let (R, m, k) be a d-dimensional Cohen-Macaulay local ring. An m-primary ideal 
Z of R is said to be stable if the equality I(Z/Z2) =e(Z) + (d- l)f(R/Z) holds. If k is 
an infinite field, this is equivalent to the condition that I* = ZJ for some parameter 
ideal J contained in I. Valla [9] showed that if Z is stable, then the ring G(Z) = 
an20 In/z”+ l is Cohen-Macaulay. In this paper, we ask when the associated graded 
ring G(Z) is Gorenstein. By [I], we may assume that R is Gorenstein from the begin- 
ning. Then our main theorem states that G(Z) is Gorenstein if and only if Z is a 
parameter ideal or satisfies the equality e(Z) = 21(R/Z). Also, using this criterion, we 
give various examples of stable ideals Z such that G(Z) is Gorenstein, especially in 
the cases of low dimensional local rings. 
Notation. All rings are commutative noetherian rings. For a local ring (R, m, k), put 
Sot(R) = arm(m) and r(R) = dim, Exti(k, R), where d = dim(R). I(M) and p(M) 
denote the length and the minimal number of generators of an R-module M respec- 
tively. For a graded ring A = On>0 A, with unique maximal homogeneous ideal P, 
put r(A) = r(Ap). 
1. Square-zero ideals in artinian Gorenstein local rings 
In this section, (R, m, k) stands for an artinian Gorenstein local ring. For a finitely 
generated R-module M, put M* = Horn&W, R). Then by duality, M**=:M and 
1(&Z*) = f(M). For an ideal Z of R, we have arm(Z) 3 (R/Z)*. Hence ann(ann(Z)) = Z, 
and if ZC J, then ann(Z)/ann(J) ‘: (J/Z)*. 
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Henceforth in this section, let Z be an ideal of R such that Z#O, R and Z* = 0, and 
put .Z= arm(Z). Then by the above remarks, we have Sot(R) CZC J, ann(.Z) = Z and 
Z(J) = f(RN). Since ZC J, we have Z(Z) I f(J) = Z(R/Z), namely 21(Z) I Z(R), and the 
equality holds if and only if Z= J. Note that the graded ring G(Z) = R/Z@Z/Z’ is an 
artinian local ring with maximal ideal m/101/Z*. 
Proposition 1.1. We have 
r(G(Z)) = Z(J/Z+ mJ) + 15 Z(R) - 21(Z) + 1. 
Proof. For the equality, we have only to show that Soc(G(Z)) is isomorphic 
to (J/Z+ m.Z)*@k. Take an element (4 5) of G(Z). Then (45) E Soc(G(Z)) * 
(4 @(m/Z@Z/Z2) = 0 * aE (I: m) fl arm(Z) = ann(Jm) tl arm(Z) = ann(Z+ m.Z) and 
b E Zfl Sot(R) = Sot(R). Hence Soc(G(Z)) = ann(Z+ mJ)/ann(J) @ Sot(R) z 
(J/Z+ mJ)*@ k. Since Z(.Z/Z+ m.Z) 5 Z(.Z/Z) = Z(J) -Z(Z) = /(R/Z) -Z(Z) = Z(R) - 21(Z), 
we get the inequality. 0 
Corollary 1.2. The following conditions are equivalent: 
(1) Z=J (or equivalently ZzJ). 
(2) 21(Z) = f(R). 
(3) G(Z) is Gorenstein. 0 
Example 1.3. Assume that R is not a field. Then G(Soc(R)) is Gorenstein if and 
only if Z(R)=2. 
Proposition 1.4. Let K be an ideal of R such that KS+’ =0, KS#O, and let i be an 
integer satisfying (s+ 1)/2r i5.s. Zf G(K’) is Gorenstein, then i= (s+ 1)/2 (in par- 
ticular, s is odd). 
Proof. By the assumption, (K’)*=O and K’#O. Hence by Corollary 1.2, KS+‘-‘C 
ann(Ki)=K’CKS+‘-‘. Therefore K’=KS+lPi, which implies that i=s+ 1 -i, i.e., 
i=(s+1)/2. 0 
Remark. The converse of Proposition 1.4 does not hold in general. For example, 
put R=/c[[tj, t6,t9]]/(t5) and K=m. Then s=3, f(K2)=2 and /(R/K*)=3. There- 
fore G(K2) is not Gorenstein. 
Proposition 1.5. Suppose that G(m) is Gorenstein and mS+’ = 0, ms# 0 for odd s, 
and put i = (s + 1)/2. Then G(m’) is Gorenstein. 
Proof. By the assumption f(mj/mj+ ‘) = Z(mS-j/m”-j+ ‘) for j = 41, . . . , S. Hence 
Z(m’) = Z(m’/m’+ ‘) + . . . + [(ms/ms+ ‘) = I(m’- l/m’) + -a- + [(R/m) = Z(R/m’). There- 
fore G(m’) is Gorenstein by Corollary 1.2. 0 
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2. Main theorem 
In this section, let (R, m, k) be a d-dimensional Gorenstein local ring and Z a stable 
m-primary ideal of R which is not a parameter ideal. 
Theorem 2.1. (1) Wehaver(G(Z))s2f(R/Z)-e(Z)+ 1 (inparticulare(Z)12f(R/Z)). 
(2) G(Z) is Gorenstein if and only if e(Z) = 21(R/Z). 
Proof. Considering the ring R(X) instead of R, we may assume that k is an infinite 
field. Take a parameter ideal J= (x1, . . . , xd) contained in Z such that I2 = ZJ, and 
put S = R/J and L = Z/J. Then S is an artinian Gorenstein local ring with Z(S) = e(Z) 
and L2 = 0, L # 0. Let pi E Z/Z2 be the initial form of xi in G(Z). Then by Valabrega 
and Valla [S] (see also [9]), R,, . . . , xd is a G(Z)-regular sequence and G(Z)/@,, . . . , lid) s 
G(Z/(x,, . . . , xd)) = G(L). Hence by Proposition 1.1, 
r(G(Z)) = r(G(Z)/(x,, . . . ,x~)) = r(G(L)) 
I I(S) - 21(L) + 1 = 21(R/Z) - e(Z) + 1. 
Also, by Corollary 1.2, G(Z) is Gorenstein * G(L) is Gorenstein * 21(L) = Z(S) # 
e(Z) = 2Z(R/Z). q 
Proposition 2.2. (1) r(G(Z)) I r(R/Z) + 1 and r(R/Z) I r(G(Z)) + p(Z) - d - 1. 
(2) If G(Z) is Gorenstein, then r(R/Z)=p(Z)-d. 
Proof. As in the proof of Theorem 2.1, we may assume that d=O. Put J= arm(1). 
Then Jz (R/Z)*= KR,I, the canonical modulqof R/Z. Hence r(R/Z) =p(J). 
(1) r(GQ)=~(J/Z)+l~~(J)+l=r(R/Z)+l.Ontheotherhand,r(R/Z)=Z(J/Jm)= 
[(J/Z+ Jm)+f(Z/Zfl Jm)sl(J/Z+ Jm)+I(Z/Ztn)=r(G(Z))-1 +p(Z) by Proposition 1.1. 
(2) Since Z= J by Corollary 1.2, we have r(R/Z) =p(J) =p(Z). 0 
Example 2.3. Let R be a d-dimensional regular local ring. Then mr is stable if and 
only if r = 1 or ds 2 or (d, r) = (3,2). Among these cases G(m’) is Gorenstein if and 
only if r= 1 or ds 1 or (d,r)=(3,2). 
Proof. Since e(m’) =rd and /(R/m’) = (‘pfi’d), mr is stable if and only if rd= 
( 2r-)l+d)-d(‘-fi+d). By tedious computations, the latter condition is satisfied if 
and only if r= 1 or ds2 or (d, r) = (3,2). If r= 1 or ds 1, then G(m’) is clearly 
Gorenstein. If d = 2, r 2 2, then e(m’) = r2 # r(r + 1) = 2Z(R/m’). Hence G(m’) 
is not Gorenstein. If (d,r)= (3,2), then e(m2) =2Z(R/m2)= 8. Hence G(m2) is 
Gorenstein. 0 
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3. The case of one-dimensional local rings 
In this section, (R, m, k) denotes a one-dimensional Gorenstein local ring. For an 
m-primary ideal Z of R, put B(Z) = U,“=, (I” : Z”) Q(R), g(Z) = WOW and W = 
min{n 1 Z(Z”/Z”+‘)=e(Z)} =min{n / l(R/Z”)=e(Z)n-g(Z)} =min{n 1 Z?(Z)=(Z”: I”)}. 
If k is an infinite field, then 6(Z) =min{n 1 xl” =I”+’ for some XEZ) (cf. [3,4,6]). 
Hence Z is stable if and only if B(Z) = (I: I). Since B(Z) = B(Z’), I’ is stable if and 
only if r28(Z). 
Proposition 3.1. Assume that Z is not a principal ideal and r 2 6(Z). Then G(Z’) is 
Gorenstein if and only if r = 2g(Z)/e(Z). (Zn particular, the number of integers i for 
which G(Z’) are Gorenstein is finite and at most o(Z).) 
Proof. By the assumption, I’ is stable and is not a principal ideal, and we have 
e(Z’) = e(Z)r, l(R/Z’) = e(Z)r-g(Z). Hence by Theorem 2.1, G(Z’) is Gorenstein if 
and only if e(Z) r = 2(e(Z) r - g(Z)), namely, r = 2g(Z)/e(Z). q 
Example 3.2. (1) Assume that emb(R) = 2 and put e(R) = e. Then 6(m) = e- 1 and 
g(m) =e(e- 1)/2. Hence G(me-‘) is G orenstein and G(m’) is not Gorenstein for 
any rke. 
(2) Assume that e(R) =2. Then G(m’) is not Gorenstein for any r 12. 
(3) Assume that emb(R) = e(R) - 1. Then by [7], 6(m) = 2, g(m) = e(R) and G(m) 
is Gorenstein. Hence G(m’) is Gorenstein if and only if r= 1 or 2. 
Proposition 3.3. Assume that R is analytically unramified and is not a DVR. Then 
its conductor C= R : R is a stable integrally closed m-primary ideal of R and G(C) 
is Gorenstein. 
Proof. Since CR fl R = C, C is integrally closed. Take an element x such that C= 
xZ?. Then C2 =x2R =xC and e(C) = l(R/C) = 21(R/C). Therefore C is stable and 
G(C) is Gorenstein by Theorem 2.1. 0 
Example 3.4. Put R = k[[t2, t2r+1 I], r 2 1. Then any m-primary ideal Z of R is 
stable. If Z is integrally closed, then G(Z) is Gorenstein if and only if Z= m or 
(f4r - 29 t4’- ’ ). For example, if R = k[[t2, t’]], and Z= (t6, t’), then G(Z) is Gorenstein. 
Proof. Any m-primary ideal of a one-dimensional Cohen-Macaulay local ring with 
e(R) = 2 is stable. If Z is integrally closed, then Z= m or Z=Z, := t”Z? fI R = (t”, tn+‘), 
n 2 2r + 1. Since e(Z,J = n and l(R/Z,J = n - 2r + 1, G(Z,J is Gorenstein if and only if 
n=2(2r-1). q 
Example 3.5. Put R=k[[P, te+‘, .. . , t2’-2]], ez3. Then m, (tZep2, t29 t2ei1, . . . . t3e-3) 
and (t2’, t2e”, . . . . t3e-3 ) (the conductor of R) are the only stable integrally closed 
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m-primary ideals Z such that G(Z) are Gorenstein. 
and Z= (t6, t8, t9), then G(Z) is Gorenstein. 
For example, if R = k[[t4, t’, t6]] 
Proof. Put Z,=t”Z?nR, nze, n#2e-1. Then e(Z,J = n, /(R/Z,) = n - e + 1 for 
elns2e-2 and f(R/Z,J =n -e for nz2e. Hence e(Z,)=21(R/ZJ if and only if 
n = 2e- 2 or 2e, and it is easy to see that Z2e_2 and Zle are stable. 0 
Example 3.6. Assume that R is analytically unramified and contains its residue 
field. Then m is the only integrally closed m-primary ideal Z such that G(Z) is 
Gorenstein if and only if Z?=k[[X, Y]]/(XY) or k[[X, Y]]/(X2- Y3). 
Proof. ‘If’ Let Z be an integrally closed m-primary ideal such that G(Z) is Gorenstein. 
Since e(R) = 2, Z is stable and is not a principal ideal. Therefore 21(R/Z) = e(Z) = 
,(R/ZR) I l(R/R) + /(R/Z) = 1 + /(R/Z). Hence /(R/Z) = 1 and we get Z= m. 
‘Only if’ By the assumption and Proposition 3.3, R is not a DVR and the conduc- 
tor of R is equal to m. Since R is Gorenstein, we have /(R/R) = /(R/m) = 1. This im- 
plies our assertion. 0 
4. The case of two-dimensional local rings 
Let (R, m, k) be a two-dimensional Cohen-Macaulay local ring and let Z be an m- 
primary ideal of R. Define the integers e;(Z) = ei (i = 0, 1,2) by the following con- 
dition: 
(cf. [4]). Then it is easy to see the following: 
Lemma 4.1. For any r 11, we have 
el(Z’) = e(Z)r(r- 1)/2+e,(Z)r and e2(Z’) = e2(Z). 0 
Put g(Z) = e,(Z). By Narita’s theorem, g(Z) = 0 if and only if I’ is stable for 
some r (cf. [4, Theorem 6.11). On the other hand, Z is stable if and only if g,(Z) := 
cl(Z) -e(Z) + /(R/Z) = 0 (cf. [5, Theorem 3.31). Put n(Z) = min{n E Z 1 I(R/Z”+‘) = 
e,(“~2)-e,(m~‘)+e2 for all mzn}. If Zis stable, then n(Z)<0 (cf. [4, Theorem 4.31). 
(Since dim(R)=2, the converse is also true.) 
Proposition 4.2. (1) Z is stable if and only if g(Z) = 0 and G(Z) is Cohen-Macaulay. 
(2) Zf g(Z) =0, then I’ is stable for any positive integer r>n(Z). 
Proof. (1) follows from [4, Theorem 4.31 and [5, Corollary 1.21. 
(2) By Lemma 4.1, g,(Z’) = el(Z’) - e(Z’) + [(R/Z’) = {e(Z)r(r- 1)/2 + e,(Z)r) - 
e(Z)r2 + {e(Z)r(r + 1)/2 - e,(Z)r} = 0. Hence I’ is stable. 0 
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Corollary 4.3. If I is stable, then I’ is stable and G(I’) is Cohen-Macaulay for 
any r. Cl 
Corollary 4.4. If emb(R) = e(R) + 1, then tnr is stable for any r. On the other hand, 
if emb(R) I e(R) (for example, R is Gorenstein and e(R) L 3), then tnr is not stable 
for any r. 
Proof. By Theorem A.1 in the Appendix, m is stable if and only if g(m)=0 (i.e., 
m' is stable for some r). Cl 
Proposition 4.5. Assume that R is Gorenstein, g(Z)=0 and I is not a parameter 
ideal. Then e,(I) I e(I)/2, and the equality holds if and only if G(I’) is Gorenstein 
for any (or some) positive integer r > n(I). 
Proof. Assume that r is a positive integer such that r > n(I). Then 21(R/I’) - e(Z’) = 
2{e(I)r(r+ 1)/2-el(I)r} -e(I)r2= {e(I)-2e,(I)}r. Since I’ is stable and is not a 
parameter ideal, our assertion follows from Theorem 2.1. 0 
Corollary 4.6. Assume that R is Gorenstein, I is stable and e(I) = 21(R/I). Then 
G(F) is Gorenstein for any r. 0 
Example 4.7. If e(R) = 2, then G(t$) is Gorenstein for any r. 
Appendix. Criteria for the stability of m 
Let (R, m, k) be a d-dimensional Cohen-Macaulay local ring. We define the in- 
tegers e,(R) = ei, 0 I is d by the following condition: 
l(R/m”+‘) = e,(n~d)q(n~dT1)+...+(-l)“ed, n%O. 
If i>d, put ej(R)=ej(R[[X,,...,X,.]]) for any r>i-d. 
Theorem A.1. The following conditions are equivalent: 
(1) emb(R) = e(R) + dim(R) - 1, i.e., m is stable. 
(2) el(R)=e(R)-1. 
(3) e,(R) = 0. 
For an m-primary ideal I of R, put F(I) = anzO P/ml” and define the integers 
fi(I) =J;, 0 si 5 d - 1 by the following condition: 
‘(I”)=fo(n+d”r’)-~(nidd22)+.‘.+(-lp~1fd-,, n%O. 
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Note that if d = 2, f,(Z’) -fa(Z’) =f,(Z) -&(Z) for any r. By [2, Proposition 3.31, if Z 
is stable, then the graded ring F(Z) is Cohen-Macaulay. Hence it is easy to see that 
p(Z”) =fo(Z)(“2d;‘) - (&(I) - l)(“sdi2) for all nr0, whenever dr2. In particular, 
Proof of Theorem A.l. The equivalence of (1) and (2) and that (1) implies (3) follow 
from [5, Theorem 3.41 and 14, Theorem 4.31 respectively. Hence we have only to show 
that (3) implies (2). Considering the ring R(X) [[Y, Z]], we may assume that dz 2 
and k is an infinite field. Take an R-regular superficial sequence xi, . . . ,x& 2 E m - m2 
and put S=R/(x,, . . . . x&2). Then dim(S)=2 and e,(S)=e,(R) for i=O, 1,2. Hence we 
may assume that dim(R) = 2. Then, by the assumption and Narita’s theorem, m’ is 
stable for some r. Hence e,(R) -e(R) + 1 =fr(m) -_&(m) + 1 =f,(m’) -fo(m’) + 1 = 0. 
This completes the proof. 0 
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